A real quadratic form Q = Q (x ί9 , x n ) is called copositive if Q (xi, -",Xn) ^0 whenever x l9 , x n ^ 0. If we associate each quadratic form Q -2 QijXiXj qij = fe (i 9 j -1, , w) with a point of Euclidean w(w + l)/2 space, then the copositive forms constitute a closed convex cone in this space. We are concerned with the extreme points of this cone. That is, with those copositive quadratic forms Q for which Q -Qι + Q 2 (with Qi, Q 2 copositive) implies Q x -aQ 9 Q 2 = (1 -a)Q, 0 ^ a ^ 1. In this paper we limit ourselves almost entirely to 5-variable forms and announce the discovery of an hitherto unknown class of extreme copositive quadratic forms in 5 variables. In view of the known extension process whereby extreme copositive quadratic forms in n variables may be used to generate extreme forms in n 1 variables for any n f > n > 2, this new class of forms thus provides new extreme copositive forms in any number of variables n 1 Ξ> 5. Copositive quadratic forms arise in the theory of inequalities and also in the study of block designs. The paper of Diananda [2] provides the connection with inequalities while the paper of Hall and Newman [3] outlines the application of copositive quadratic forms to block designs.
2* Preliminaries* As indicated above, a real quadratic form

Q -Q(x ly
, x n ) is called copositive if Q{x u , x n ) ^ 0 whenever #i, , x n δ 0. Thus any positive semi-definite quadratic form is copositive. Further, any quadratic form all of whose coefficients are nonnegative in clearly copositive. Denoting these classes of forms by S and P respectively, we see that any quadratic form expressible as a sum of elements of P and S is necessarily copositive. In fact, Diananda [2, Th. 2] has shown that all copositive quadratic forms in % rg 4 variables are of this type (i.e., QeP + S if Q is copositive and n ^ 4). On the other hand, A. Horn [3] has constructed an extreme copositive quadratic form in 5 variables which does not belong to P + S. The extreme copositive quadratic forms belonging to P + S have been determined by Hall and Newman [3, Th. 3.2] ; thus we can restrict our attention to those outside of P + S whenever it is desirable to do so. (Complete details of this theorem of Hall and Newman are given in the first paragraph of § 4 below.)
If Q(x u •••,#») is an extreme copositive form so is for any choice of Pi > 0 (i ~ 1, , n) . Hence, in dealing with forms having q u > 0 (i -1, , n) we may assume q u = 1 (i -1, , w) without loss of generality. Furthermore, note that relabeling of the variables has no effect on extremity or copositivity either.
We state here two results which we shall use later, whose statement at the time of their usage would interrupt the flow of thought.
(LEMMA 1 of Diananda) . If a quadratic form is nonnegative in some neighborhood of one of its zeros, it is positive semi-definite.
(THEOREM 4.1 of Hall and Newman) . Let Q -Q(x u , x n ) be an extreme copositive quadratic form, not of the type bXiX 3 . Let x r , x s be any two of the variables x u , x n . Then upon replacing some of %i, , x n by zero but neither x r nor x sy Q becomes a positive semidefinite form in the remaining variables.
3* Extremes with q i3 ~ ±1* Diananda has shown [2, Lemma 2] that a copositive quadratic form Q has q u ^ 0 (i -1, , n) and that if q u -0 for some i, then for that i, q i3 Ξ> 0 (j -1, , n). This implies that an extreme copositive quadratic form in n ^ 3 variables will have positive diagonal coefficients. Thus they may be scaled so that q u = 1 (i = 1, , n). If we so scale the extremes belonging to P -t S (see the first paragraph of § 4 for a listing of these), we see that q i5 -±1 (ΐ, j -1, , n), with the exception of the extremes of the type bx&j, b > 0. Similarly the extreme form found by A. Horn [3] , Q = (Xj -x 2 + x 3 + x 4 -x δ f + 4x 2^4 + Ax 3 (x δ -a? 4 ), also has this property. In fact, Theorem 4.1 of Hall and Newman [3] guarantees that a so-scaled extreme copositive form (not of the type bx&jy b > 0) will satisfy -1 <S q {ύ ^ 1 (i, j = 1, , n) . Hence the extremes mentioned above have all off-diagonal coefficients at the limits of their range. This explains our interest in: = l then copositivity implies that g 23 -q u = q M -1 and as (#! -x 2 -x 3 -# 4 + x δ y is extreme no other extremes will result from the choices g 25 , g 35 , g 45 = ±1. Suppose g 12 = # 13 = -1 and # 14 = g 15 = 1 then copositivity requires g 23 = 1. At most one of g 24 , q 2δ = -1, for otherwise row 2 would have 3 entries of -1 which violates our assumption. Thus by relabeling the variables, if necessary, we can insure that g 24 = 1. So if q u = 1 we get a form
which is obviously not extreme for any choice of g 25 , # 35 , g 45 . Hence q u = -l and counting -Γs in row 3 yields g 35 = 1. If we now assume q 25 -q 45 = -1 we get a form which is equivalent under a relabeling of the variables to the Horn form, see above. Hence any other choice of q 25i g 45 yields a nonextreme form. Suppose q 12 = -1, #13 = Qu = #iβ = 1 then g 23 = g 24 = g 25 = 1 by the -1 assumption. If any other row contains a -1 we relabel the variables to make it row 3 and to make g 34 = -1. Thus g S5 ~ g 45 = 1 and so
is not extreme, as Q(# x , , x 4 , 0) e P + S. From which it follows that the remaining cases (1) g 12 = -1, g 34 = +1 and (2) g 12 = g 34 = +1 are not extreme either. Thus the only 5-variable extremes having q.. -πhi are equivalent to one of or the Horn form, as was to be proved.
For n = 6, let g 12 = g 13 = g 14 = g 15 = g 16 = -1, then in order to be copositive all others are +1, which is a positive semi-definite extreme. Changing g 16 to +1 gives an extreme with g 26 = g 36 = g 46 = g 56 = -1, hence, any other values for these variables is nonextreme. Let g 12 = ?i3 = ?i4 = ~1, #i6 = #iβ = 1 thus g 23 = g 24 = g 34 = 1 and g 25 , g 26 can be -1, -1; -1, 1; 1, -1; 1, 1 the second and third of which are equivalent. If #26 = fe = -1 then g 56 = +1 for copositivity and since g 35 = g 36 = #5 = #46 = -1 ί s a positive semi-definite extreme, all other choices of #35, #36, #45, #46 are not extreme. In the remaining cases we may assume g 56 = -1 for q m = +1 yields a nonextreme form depending on the previous one. If g 25 = g 26 = 1 then we may assume g 35 = g 36 = g 5 = g β = 1 for otherwise a change of variable would put us into one of the other cases. But if this is true the form is not extreme. Thus only g 25 , g 26 = -1, 1 remains. Here there are six essentially distinct choices for g 35 , g 36 , g 45 , g 46 , these are:
The first of these yields four -l's in row 5 and thus was considered previously. The permutation (56) (24) takes the fourth case into the second. Cases 3, 5, 6 depend on Case 2 (that is, they are copositive and not extreme if Case 2 is copositive). Thus, if we show that Case 2 is copositive we need not consider them further. But we can generate this matrix from the Horn form by the mapping x 2 -> x 2 + x 6 and a renumbering of the variables. Now Theorem 3.8 of [1] states that this kind of mapping preserves both copositivity and extremity.
Hence it is a copositive extreme. Thus at this point we have the extremes of Figure 1 (where -stands for -1).
-1111- or 1,-1 as 1, 1 is not extreme. As these two are equivalent, we may assume g 45 , g 46 = 1,-1, which is nonextreme and dependent upon (a?! -x 2 + x z -%± + x 5 -XQ) 2 , after a change of variable. If at most one entry per row is -1 the form is not extreme for the worst case has q n = q u = g 56 = -1 and the rest +1, obviously a copositive nonextreme. Thus, there are just the 4 extremes of Figure 1 . Three positive semi-definite and the other derived from the Horn form.
For n = 7, we have the positive semi-definite extremes and those derived from these by replacing some -1's by +Γs. The first of these is nonextreme depending upon (
The second and third are extreme as they arise from the last 6-variable extreme by adjoining a variable properly [1, Th. 3.8] . As these are all copositive, the remaining cases cannot be extreme. Let g 12 = q 13 - Note that this number can be significantly reduced by use of the permutations (56) and (34). If q 35 = q Z6 = q 37 = -1 then there are too many -Γs in row 3. Similarly at least one of # 4β , # 46 , # 47 must be + 1. If this block contains two -Γs and one +1 per row, it is equivalent to one of
The first of these implies (by -1 count) that q δ7 -q 67 = +1, whence it is a copositive nonextreme. In the second case q δ7 = +1 necessarily, and if q 67 --1 we have an extreme copositive form (call it A) which is related to the Horn form. One way to see this is to take the last 6-variable extreme above and put x 1 + x 7 for x 1 then relabel the variables using the permutation (567). So by [1, Th. 3 .8] we have a copositive extreme, hence the other choice q m -+1 is not extreme.
In the third case q 57 -+1 as before and if q 67 = -1 we get extreme A if we apply (67)(243). Thus the alternate q 67 = +1 is nonextreme.
In the last case copositivity requires that q δ7 = q 67 -+1 and we get a nonextreme depending on the form
If two of q 35 , q sβ , q Z7 are -Γs and only one of q 4δ , q 46 , q 47 is -1, then the form is equivalent to one with block
In the first case q δ7 = +1 (-1 count) and the form is a copositive nonextreme depending on extreme A above regardless of the choice of <? 67 . In the second case q 57 = g 67 = -1 yields a copositive extreme (call it B) related to the Horn form. (Take the last 6-variable extreme above and replace x h by x δ + x 7 , then use the permutation (67) and [1, Th. 3.8] .) Hence the other choices for q 57 , q G7 yield nonextreme forms. In the remaining cases, copositivity requires q 57 = +1 and we get nonextreme forms related to extreme A after suitable permutation of the subscripts. If two of g 35 , g 36 , #37 are -Γs and q i5 = q 46 = q i7 = +1 then q 3δ , Qsβ, ^37 can take only two inequivalent values, i.e., -1, -1, 1 or -1, 1, -1. The first of these is nonextreme depending on B. In the second case copositivity requires q 57 -+1 and we have a nonextreme depending on A.
The cases where g 35 , # 86 , q Z7 have at most one -1 and g 45 , # 46 , g 47 have at most one -1 are all equivalent to one of
In the first of these we may assume that at worst (by -1 count) one of q δ7 , q 67 is -1 and we may take it to be # 67 without loss of generality. Here the permutation (24)(67) shows nonextremity depending on the extreme A. In the second case g 67 = +1 necessarily ( -1 count) and the permutation (56) shows the form is nonextreme depending on A. In the third case, we have q δ7 -q Q7 = -1 as the worst possibility and this is nonextreme depending on l, -1, i_| ' U, 1, -1.
all others being equivalent to one of these. The first of these has #56 = Qδ7 -+1 ("1 count) and is thus obviously nonextreme depend-
regardless of the choice of q %7 . In the second case at least one of q 5Q , q 57 = +1 (~1 count). If q m = 1 the form is nonextreme depending on \Xι X z ' • $3 X4 ~r~ X$ ~τ~ XQ X 7 )
If q 57 = 1 the form depends on B as the permutation (67) shows. In the third case at least one of g 56 , q δ7 , q 67 is +1 to insure copositivity and in each of these events the form is nonextreme dependent on B after suitable permutation. The fourth, fifth and sixth cases are nonextreme dependent on the second, third and third respectively. (34) show that the form is nonextreme dependent on (x λ -x 2 + x 3 -x 4 + x δ -x 6 + χ 7 ) 2 . If q δ6 = 1 we apply the permutation (472) which yields nonextremity dependent on B above. If # 4δ = q i6 = #47= +1 the form is nonextreme and depends on the case 1, -1,1 for these coefficients. In the third case above there are two choices for g 45 , g 46 , g 47 either 1, -1,1 or 1, 1, 1 the last of which is obviously nonextreme for any copositive completion. If #45, #46> #47 ar^ 1, -1,1 the form is again nonextreme depending on that part of the second case above having these same values for
#45> #46y #47
Since there are no extreme forms in 7 variables with at most one -1 in a row we have exhausted all possibilities. Thus we have determined 6 extreme copositive forms in 7 variables having q i5 -±1 (the extremes A, B are equivalent as the permutation (165)(45) shows). These are the three positive semi-definite extremes \Xl X2 ' «^3 ' ' ί/ 4 tΛ/5 ~Γ tΛ/β "T" «^7/ together with the three derived from the Horn form by the use of [1, Th. 3.8 ] (see Figure 2) . The only equivalences which could exist between these would have to be between the last 3 (i.e., certainly the positive semi-definite extremes are not equivalent to each other or to any form which is not positive semi-definite). But there are no equivalences between the last 3 as a tally of the -Γs in each row clearly shows. Thus there are exactly 6 inequivalent extreme copositive quadratic forms in 7 variables having the property q i3 = ±1 (i, j = 1, , 7) and each of them can be derived from such a 6-variable extreme by the use of [1, Th. 3.8] 4. A new class of extreme forms. A conjecture. According to Hall and Newman [3, Th. 3.2] the extreme copositive quadratic forms in n variables which belong to P + S are of three types:
where the u's and v's are disjoint subsets of x ly , x n and a { > 0, EXTREME COPOSITIVE QUADRATIC FORMS, II 9 bi > 0, r ^ 1, $ ^ 1. Thus, if we only consider extremes in 3 or more variables, we note that for every index pair i f j (1 ^ i, j ^ n) the extremes have zeros u (w* > 0; i -1, , n) where UiUj > 0. The Horn form (see first part of § 3) also has this property. We conjecture that this is always true, i.e.: CONJECTURE 4.1. If Q(x u , x n ), n Ξg 3 is an extreme copositive quadratic form, then for every index pair ί, j (1 ^ i, j ^ ri), Q has a nonnegative component zero u with u i u i > 0.
Note that the special case i -j has been established [1, Th. 3 .4], If we consider only those extreme copositive forms in 5 variables for which the conjecture is valid, and scale them so that q u = 1 (i -1, •••,5), we can say quite a bit about their nonnegative component zeros. In fact, assuming these forms are not positive semidefinite, we have:
(i) Each zero has at least two nonzero components (since q {i = 1, i = l, -..,5).
(ii) Each zero has at least two zero components. ( (iv) Q has at most six 2-variable zeros. This follows because each 2-variable zero implies that a different offdiagonal coefficient is -1 (since q H -1, i -1, , 5) and because -1 ^ Qij ^ 1 (Theorem 4.1, Hall and Newman); thus, if Q had more than 6 such zeros, then Q(l, 1, 1, 1, 1) < 0, which contradicts copositivity. Since all 10 pairs (i Φ j) appear together in some zero (by iii), we have (v) Q has at least two 3-variable zeros. Note that by relabeling the variables 1 we can insure that the required 3-variable zeros are (u u u 2 , u s , 0, 0) and one of (v u 0, 0, v 4 , v δ ), (w u w 2 , 0, w 4 , 0). This information on their nonnegative component zeros allows us to specify the structure of these zeros completely, if we remember that we are considering only extreme copositive forms in 5 variables which are not positive semi-definite, which have q u -1 (i ~ 1, , 5) and for which Conjecture 4.1 is valid. In order to do this we introduce some terminology. DEFINITION 
A quadratic form Q(x l9 •••,#*) has A*(n) or
Qe A*(n), if (1) Q is copositive and (2) if for all i, j (i, j = 1, , n) the form Q -sx^j is not copositive for any ε > 0.
We note that every extreme copositive quadratic form in n ^ 3 variables has A*(n) m Further, if Q is any copositive quadratic form and if Q has a nonnegative component zero u with u u u 2 > 0, then Q -ex λ x 2 is not copositive for any ε > 0. Thus, one way of establishing Q 6 A*(n) is by examining its nonnegative component zeros. We use this extensively below. DEFINITION 4.3. The pattern of an ^-dimensional vector v = (v u , v n ) is the vector obtained by replacing its nonzero components with Γs. Thus (3, -2, 0, 4, -971) has pattern (1, 1, 0, 1, 1) .
Our principle tool in determining the zero structure is the following lemma: In what follows we shall only be interested in nonnegative component zeros and then for the most part only in their patterns. Thus any zero pattern mentioned will be the pattern of a nonnegative component zero. We prove: (10011) and Case b has zeros (11100), (11010). We shall often use Lemma 4.4 to show that the form we are considering is positive semidefinite. One should be careful to realize that more explicitly this means the form is positive semi-definite if it is copositive at all. CASE a. The zero u 2 u 4 Φ 0 can appear with patterns (01010), (11010), (OHIO), (01011) and calling these a.l, a.2, a.3, a.4 respectively, EXTREME COPOSITIVE QUADRATIC FORMS, II 11 we see that a.4 is equivalent to a.3 under a relabeling of the variables. Hence we need not consider it further. The zero u 2 u 5 Φ 0 may be added to case a.l as (01001), (11001), (01101), (01011) , 5) yields #3i = q$6 --1> contradicting g 34 > -1 as assumed above. Case B3 proceeds similarly using Q(x u 0, aj 3 , 0, x 6 ) copositive to establish that g 35 = 1 and hence [using Q(0, 0, a; 3 , a? 4 , a? B )] that g 34 = g 45 = -1, which violates our assumption. In case B4, we establish q 3i = 1 and hence that g 35 = q 4δ = -1 similarly, arriving at the same contradiction. For B5, Q(x , 0, x 3 , x 4 , 0) copositive yields q 3i -1 and proceeding similarly we establish that q 2δ -q i5 = 1 which contradicts Q(z) = 0. Only Case A remains, here q 12 = -1 whence one of g, 3 , q 23 --1 and thus by relabeling x ly x 2 if necessary we have a sub-case of B. So we conclude that a.3.c cannot have any further zero patterns, which implies q i3 > -1 (i, j -1, , 5) . Further if q, ά -i for some i Φ j (i, j = 1, , 5) then at least one of
would be of the form (x^ + Xj -x k f which would produce an additional zero Xi -x k = 1, contradiction. Hence for a.3.c we know that Applying Theorem 2 (Diananda) to Q 4 = Q(x x , # 2 , # 3 , # 4 , 0) we see that it is contained in P + S, hence zeros u,v of Q imply that Q 4 = Q r + 6x^4 where Q' has A*(4) for 6^0 large enough. Thus Q' is positive semi-definite and [2, Th. 4 ] has a zero with all components positive. So [1, Corollary 3.7] implies that Q is positive semi-definite if b = 0. Thus we may assume 6 > 0; hence as Q' is positive semidefinite q u > -1. Similarly, we see g 25 , g 13 , g 24 , g 35 > -1. Thus Q has no zeros with patterns (10010), (01001), (10100), (01010) That is Q is the Horn form. Thus we may assume that Q has no 2-variable zeros. If Q has an additional 3-variable zero pattern we have a sub-case of a.3.c, which was already eliminated. Suppose Q has two distinct nonnegative component zeros with the same pattern, say the pattern u. Then Q(x u x 2) x d , 0, 0) = (x 1 ± x 2 ± x z f where the signs are not both plus, hence Q has a 2-variable zero which contradicts our assumption. Hence the only nonnegative component zeros of Q are u, v, w, y, z, and these are unique. Thus we have completed the proof of Lemma 4.5. For our particular values of %, •• ,^ί these two equations have the unique solution δ = -7/8, e -1. Hence JR is unique and thus Q is extreme. Thus we have established that our particular example is an extreme copositive quadratic form, which completes the proof of Theorem 4.6. The existence of a large class of similar forms follows from continuity considerations applied to our argument above. Now each member of this class of extreme copositive quadratic forms in 5 variables may be extended to an extreme form in 6, 7, variables [1, Th. 3.8 ]. Hence we have new extremes Q(x l9 •••,%") for all n ^ 5.
